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FElooywyLKka

* OLavBpwrol, ot emxelpnoelc, dtadpopec opadec, Ta Kpatn (TALKTEC
oTO £€NC) BploKovTol 0€ KOTAOTAOCELS AVTAYWVLIOMOU ) CUVEPYAOLOC.

* H ekfaon HLaC KATAOTAONG MTTOPEL vl ELval EUVOIKN YLOL KATIOLOUC KoL
duoapeotn yLa Kamolouc aAAouc.

* YrtoBetou e otL ol HLddopeC ovtoTNTEC (TaikTeC) pmopouv va
ETMINPEACOULV TNV EKPaon (outcome) /To ANMOTEAECUO ULOC KATAOTOONC
LLE TLC oo P AOELC TOUC.

e OLOlKTEC yVwpillouv we N ekBaon pLog kataotaonc dev e€optatol
LOVO aro tnv anodaon touc (A tTnv anodaon TS TUXNCS) aAAd Kol
ATtO TNC ATTOPACELC AAAWV TIOLKTWV.



FElooywyLKka

* Emopevwce n EkBaon pLOG KATAOTAONG ELVOL OTTOTEAECUAL TNC
aAAnAenibpaonc Twv anopACEWV TWV OTOUWV

* H OQewplia Matyviwv (BN oto €€n¢) aaoxoAeiltol Le TNV LEAETN TNC
aAAnAgéaptnonc Twv amodpacewyv Twv TALKTWV (Y avBpwrouc, (wa
KoL UTTOAOYLOTEC) Kat TNV MPOoBAedn TNC EKBaoNC HLOC KATAOTAONC
(evoc mayviou).

e Elval n emotnun mou pHeAeTa tnv otpatnykn AnPn amnodpacewv
(strategic decision making), cuvwvupo Interactive Decision Theory

* EbopuoleTal 0T OLKOVOLLLKQ, OTLC TIOALTLKEC ETILOTAMEC, OTNV

JuxoAoyia, KaBwc Kat otn AOYLKN, OTNV EMLOTAMN TWV UTTOAOYLOTWV
Kol oTnV BLoAoyia.



[Tapoadetypata aAANAecaptnonc Twv
ATIOPACEWV

* Metall dilwv: Na apynow n va pnv opynow C€ KLt CUVAVTNGCN AV TO
aAAo atopo kaBuotepnoel va £pBeL;

* Metaél otpatnywv: No amoocUpw Ta OTPATEVMATA KOTA TNV OLAPKELA TNC
EKEXELPLOC N VO OTIACW TNV EKEXELPLOL KAl vaL KAVW €TtiBeonN;

* MetalV emixelpnocwv: Na xpewow xapunAn n vPpnAn tun; Na dtapnuiow
ToAU N Alyo;

* Metall moAttikwv: Na rtapw oLa 1 dStadopetikn B€on os Eva Bepa o€
OXEON HE TOV TOALTIKO LOU QVTLTTOAO;

* MetaéU atopou kot Aomwyv maktwy: MNote va maw otnv Edopia; Note va
AP W TNV CUYKEKPLUEVN SLadpoun; Na mapw GApUaKO TIPLV TOV AywVa;



MEUOVWUEVEC ATIOPAOELC

* Not TovTapw HaUPO 1 KOKKLWVO 0T POUAETQ;
* No eTIIAEEW TO TIPACLVO ) TO KOKKWVO POPEUQL;

e KaTtaoTtAoELC OTLC OToleC n €kBaon/To amotédeopa s€optatal
QTTOKAELOTIKA OTTO TNV TUXN KoL OXL ATTO TLC Ao ACELG EVOC AAAOU
ntolktn 6ev amoteAoUV avVTIKELMEVO PEAETNC TNC OI.

* Y& avtiBeon pe ta ponyovpeva ntapodeiypota dev amoteAovv
OTPATNYLKEC ATTODATELC.



>TpaTNYLKA MNatyvia



Yuotatka lMowyviou

* Naiktec (Mooot elval Kol TTOLEC OL TIPOTLUNOELC TOUC)
* 2TPATNYLKEC (To oUVOAO TWV ETIIAOYWV TTOU EXEL KABE TTalkTNC)
e ATtoS0OO0ELC



Baolkec YTTO0E0EIC yia TO OTATIKA TTaiyvia
TTANPOUG TTANPOPOPNCNG

* YnoBeon tnc opOoAoykotntac: OAoL oL MaAiKTEC MPOTIHOUV TNV IEPLOCOTEPN
aro tnv Alyotepn whEAEL

* YnoBeon tnc mAnpoucg nAnpodopnong: OAotL ol talktec yvwpilouv TIC
TIPOTLUNOELC TWV AAAWV TTOLKTWV

e Ynobeon tnc kownc yvwong: O KaBe mailktng yvwpilel OTL oL UTTOAOUTOL TTOULKTEC
yvwpLllouv OTL auTOC YVwpPLleL TL yvwpil{ouv auTot ylo. auTov ...



YTpatnyka Matyvia : MoBnuatikn
Alatuniwon

e JUvoAo Matktwv i€l ={l.....i,...n}
* JUVOAO ZTpATNYIKWYV TOU KAOE maiktn S si € S;
* H ouvaptnon anodoonc tTou KABE mailktn  wi(s1, s2, ..., sp)

* Enopevwce eva ntaityvio og kavovikn popdn (Normal form game)
SlvetalL amo G = (S, ui(.))™;.



>UUPOALOpOL

2UVOUAOMOC OTPATNYLKWY OAWV TWV TIOLKTWV 1 TIpodiA oTpatnyLKWV
S = {.‘;;1. ’;"n)

OL oTPATNYLKEC OAWV TWV AAAWV TTOLKTWY EKTOC TOU i KAl Ta avTioToyo

oUVOoAQ | : -
:-;_,I'_ p— (‘-.1 .‘-.'.1‘_1_ .‘-;1.'__|_]_. Hﬂ.)

(5_4,8i) = (S14.00y 81, 8is Sia1s s Sp)

|S. — IS']_ X IS"E > .,,h‘;”

.5'_.1' = 51 X 52 X n-S‘z’.—l X .5'.1'_|_1 Ao, Sn



Avamapaoctaon o€ riivaka (bi-matrix
representation)

 [La Ttalyvia pe 2 atopa
S1={A,B.C} 8 ={X.Y)

X Y
A Ul(AVX)j UQ(A,X ‘21,-1(14?}/)j UQ(AjY)
B Ul(B;X), UQ(B:,X) ’ul(BjY')j UQ(B:,Y)
C UL(C'VX)j UQ(CjX) Ul(C,Y), UQ(C%Y)
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Mia pepovwpevn A0V

* H (d1aonun NB6oTroIdC) Kupia A £XEl va ETTIAECEI TI XPWHOA POPEUT
Va POPECEl O€ MIa eEKONAwaON (oTnV atrovoun Bpaleiwy oTIC
Kavvecg)

* AC uttoBéooupe dUO dlIaBEaIua XpwuaTa Kal KOKKIVO

« H kKupia A €TTIAEYEI . Eival To ayarmrnuévo TG xpwua. H
ATTOPAON TNG ECOPTATAI ATTOKAEIOTIKA ATTO TIC TTPOTIMACEIC TNG
(I'l > K) ka1 dev agopd TNV Bewpia TTaryviwv



Mia oTpaTnyIKn €TTIAOYNA

* H kupla A mAnpodopeital nwc kamota aAAn kupia B Ba popeoel
EVOEXOUEVWC N KOKKWVO popepa otov Lo xopo

e OLTtBavec ekBACELC AUTNC TNC KaTtaoTtaonc divovtol amo Tov mivoka



B

[Mp&oivo KOKKIVO

A

KOKKIVO @ i @ @ @

T Ba eTAEEel Twpa N Kupla A;

Av eival adladopn we TPog TNV HOVASLKOTNTA TOU XPWHOTOS OTOV X0pO, TOTE [1.

- (M,K) ~(r1,1) > (K, 1) ~ (K,K)

Av woTtooo evdladEpeTal Kal yla TNV povadikotnta Ba katatdéet Tic mbaveg ekBAOELC we €ENC:
— (IM,K) > (K, 1) > (1,17) > (K,K)

Elvail pavepo OTL n teAkn TNC «wdeAeLa» dev e€aptatol HOVo o TNV emAoyn tng oAAA Ko
aro tnv emloyn th¢ AAANC Kuplog



AvamopooTtoon TwWV MPOTLUNOEWV UE

aplOpouc
B , ,
[1pacivo KOKKIVO
A
Npdaoivo 1, . 3, .
KOKKIVO 2, . 0, .
o Kupta A: (I1,K) > (K,I1) > (1,1M) > (K,K) B
MNp&oivo KOKKIVO
e Kupia A: U(I,K) > U(K,M) > U(1,11) > U(K,K) A ’
o KUp(aA:3>2>1>O Mpd&oivo q}\,@ @’@
KOKKIVO ﬂi 5 Tl} qi\ o @




B
A

KOKKIVO @ , @ @ , @

e Eotw OTL N B mpotlud 1o pactvo aAAa dev evoLadepeTal ylo tnv
HLOVAOLKOTNTA TOU XPWLLOTOG

e Kuptla B: (I1, ') ~ (K,I1) > (1, K) ~ (K,K)

o Kupla B: U(, 1)~ U(K,M) > U(I1, K) ~ U(K,K)

e Kupia B: 1 =1 > 0O ~ 0

[Mp&oIvo KOKKIVO




B
A

[1p&oIvo

KOKKIVO

[p&oIvo

KOKKIVO

B

[1lpdoivo KOKKIVO
A
Mpdoivo 1,1 3,0
KOKKIVO 2,1 0,0

e  OLEKPBAOCELG KOL OL TTPOTLUNOELG OE EVAV TIVOLKA, O OTTOLOC Eival KO yvwon Kat yla Toug U0 aiKTEG,
(loodUvapa o kaBévac yvwpilet Tic mOavEG eKBACELG KO TLG TIPOTIUACELG TOU OVTILITAAOU Kol EMioNG OTL
0 OVTIUTOAOC TOU YVWPLIEL OTL O LOLOC YVWPLIEL TIC EKPACELC KOlL TLC TTPOTLUNCELC)



— KOKKIVO

2TPATNYIKN I00PPOTTI

1

Kupiapxn otpartnyikn 1nG B

/

2

/
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2TpaTnyiIkn 1IcoppoTtria (o1 A&B civai idieg)

2 MOavVEC OTPATNYIKEC EKPACEIC

B ,
KOKKIVO
IS

1,1 3, 2
KOKKIVO 2,3 0,0




Mova-Cuya N TaLpLaoO. VOULOLATWY
(matching pennies)

* Eudavidouvpe tavtoyxpova SUo voulopata

* Av oL oeLc Touc eival idlec kepbileL o evac, av dev eival kepdileL o

AAAOC
* To rtaityvio 6gv emdExXETAL KAULO oCUVEPYAOLA

N K B
Y
-




[Tapadewypa: to AInpua tou Kpatoupevou
(Prisoner’s dilemma)

e AUO atopa cuAAapPAavovTal W UTTOTTTOL SPACTEC EVOC EYKANUATOC
(rty povoc).

* O sloayyeleac dev £xeL AKAOVNTA OTOLXELD YLa TO EYKANUOL oAAA yLa
£V LLKpOTEPO Ttapantwpa (rty dtappnén kat kKAomn).

* O eloayyeAeac YwpLleL TOUC UTTOTITOUC Kol AE€L oTtov KaBeva, “Av
KatadWOELC TOV cUVEPYATN oou, Ba eAeuBepwBeic kalL 0 ocuvepyaATNC
oovu Ba katadikaotel ylia 9 xpovia. Av opoAoynoete ko ot SUo Ba
katadlkaoteite o€ 6 xpovia puAakion”

* O kaBe vnomtoc yvwpilel 0tL av dev opoAoynoel Kaveic, Oa
SLKOOTOUV yla To Ttapantwia Kot 8a katadikaotouv o€ 1 xpovo

dulakLon.



o AIAnppa Tou Kpatoupevou

* Not avamapaotoBel To oTPATNYLKO TTALYVIO OE KOWVOVLKN popdn

e XOPAKTNPIOTIKO TOU TTAIYVIiOU: N ouveEPyaaia atrodidel aAAd
OTTWCG Ba doupe apyoTepa dev UTTOOTNPICETAI OTPATNYIKA

p Katadidw Agv KOTAdIdW

Karodidw , -b , -9

Asv KOTAdIdW , 0 -1




‘0 KuvNyL Tou eAadov (Stug Hunt),
J.J. Rousseau 1//5

e Opada Kuvnywv mou av HElvouv OAoL TPOoNAWMEVOL OTO KUVNYL TOU
ehadlov Ba to TIaicouV Kat Ba To popacouv e€lcou, EVW AV E0TW Ka
EVOoLC ETILOLWEEL VOl KUVNYNOEL TOV TIEPAOTLKO AayO, TO EAAPL XAVETOL.

* To ATOULKO OdeAOC TOU AayoU il LKPOTEPO ATtO TO OPEAOC EVOC
Tepayiov tou eAadLo.

* Na yivel katataén Twv ekBaoceswv ocupdwva LLE TLC TIPOTIMNOELC yLa 2
TTOWLKTEC KalL VO avaTmapooTtabeL To maiyvio o popdn mivoka.

* To rtaityvio Ogv gival 1o e to SIANUUa Tou KPOTOUUEVOU



2UyKpLoN

2
1

O

Edor | 2 ,2 | O, Karadidw | -6, -6 0,-9
Aayog | | , U | KGT%(%\l%w 9,0 =1l =l




loopportia Nash



loopportita Nash

Opiopdég 'EoTtw éva tTaiyvio G = {1, (Si,u;)iery. O oUVOUAOUOC OTPATNYIKWY (1] TTPOQIA
OTPATNYIKWYV) s* = (57,55,53...57) €ival iIcoppoTria Nash av yia 6Aoug Toug
TTAIKTEG i, IOXUEI

ui(st,s*) > ui(si,s*;), Y10 OAEG TIG 5; € S

AnAadn av gipal o TTaiKTNG i Kol TTPORBAETTW OTI OAOI OI AAAOI TTAIKTEC B TTAICOUV TIC
OTPATNVYIKEG s*; = (57,855,5%,...,8-i,5+ir...,57), TOTE N APIOTN OTPATNYIKN MOU, ATTEVAVTI
OTIG OTPATNYIKEG s*; TTOU TTIPORAETTW YIA TOUG GAAOUG, ival n sf € §..

Me GAAa Aoyia oTnv IcoppoTria Nash Ba TTpETTEI 01 OTPATNYIKESC OAWYV TWV TTAIKTWY va
gival apoifaia BEATIOTES. looduvapa, o€ pia 1IcoppoTTia Nash Kavevag TTaikTnG Oev EXEI
KIVNTPO VA QAAGEEl JOVOUEPWG TNV OTPATNYIKN TOU OEOOUEVWYV TWV OTPATNYIKWY TWV
AAAWV TTAIKTWV.



[Tapadeya

JTPOTNYLKEC TOU Taiktn2

AploTn amadvtnon Tou maiktnl otnv

\{ ] = = avTioToUN GTPaTNYIKH Tou morkTn 2
U , 4 , 0 , 3 S, | s,*(s)) s, | 5,*(s.)
M , O , 4 3 L| M T
B ;) O , 5 , 6 C| T V]
R| B B

TL okedtetal o aktng 1; Tt okEdTETAL O TTAUKTNG 2;
«Aev E€pw TL Ba maiéel o aAAoc¢ Ttalktng, aAAd pmopw va ipoPAEPw TNV
avtidpaon Tou oTLC OLKEC LLOU ETILAOYECY

Na BpeBouv oL APLOTEC OTPATNYIKEC (APLOTEC AMAVTAOELC) TOU KAOE
TLOLLKTN QUTEVOVTL OE€ OAEC TLC OUVATEC OTPATNYLKEC TOU AAAOU TTOULKTN



2uvaptnon BEATIOTNG avTidpaong

Opiopo¢ ‘Eotw éva maiyvio G = {I (Si,u;)irr. H ouvdptnon BEATIOTNC
AVTIOPAONC TOU TTAIKTN i ATTEVAVTI OTOV CUVOUQONO OTPATNYIKWY s_; € S_;
TWV UTTOAOITTWYV TTAIKTWY E€ival PId ouvaptnaon s;(s—;) : S_; = S;, TETOIQ WOTE

si(s_;) = arg max ui(si,s—;) N

si(s—) = {s; € 8; : ui(s7,5-) = ui(si,5-), YA OAEG TIC 57 € S}
AnAadn n ocuvapTnon PEATIOTNC avTidpaong Yacg Oivel yia KaBe duvaTo
OUVOUAOHO OTPATNYIKWY TWV UTTOAOITTWY TTAIKTWY s5_;, TNV (TIC)

OTPATNYIKN(EC) EKEIVN TOU 7 TTOU Ba TOU ATTOQEPEI(OUV) TNV MEYAAUTERN
duvaTn atrodoon.



2.uvapTtnoelc Avtiopaong HE
TTETTEPOAOCPEVO APIBUO OTPATNYIKWYV

S, [ S17(S2) S1 | S2" (1)
L{ M T L
C| T M| C
R| B Bl R

si(s—) = 4s;7 € S; - ui(sF,s5-5) = ui(s:,5-),YIA OAEC TIC 57 € S5}



2.UVOPTNOEIC avTiOpaong YE ATTEIPO
QPIOUO OTPATNYIKWV
S;=S,=[ab] otoR
uy(xry,ro) = 4r; — ;r:-f — T1xro0 — 3 Na BpeBouv oL cUVOPTACELC

f % 9 _ avTidpoonc TwV TTOLKTWV.
uz(xr1,r2) = r2 —Ir5 — 2r1ro — 1

si(s_;) = arg max 1i(5i,5_;)

Dul/dx1=0=>4-2 x1-x2 =0=>x1 (x2) =2 -x2/2
Du2/dx2=0=>1-2 x2 -2 x1 =0=>x2 (x1) =% -x1



Eupeon 1coppoTria¢ Nash atro Ti¢
OuUVapPTNOEIC avTIOPAONC

Opiopoc ‘Eotw éva mraiyvio G = {1, (Si, ;) iery. O oUVOUACUOC OTPATNYIKWY
s* = (s71.53.53...57) €ival icoppoTtria Nash Tou oTpartnyikou Tralyviou G av
KOl JOVOV AV N OTPATNYIKA TOU KABE TTAIKTN £ival APICTN ATTAVTNON OTIC
OTPATNVYIKEC s%; TWV UTTOAQITTWY TTAIKTWYV.
s; = s;(s%) yid KABe TTAiKTN i € 1.

[1lpocoxn ATTEvavTl OTOV CUVOUACHO s*; O TTAIKTNG 7 MTTOPEI VA NV EXEI
HOVO HIa dploTn atravTnon! 2 auTtn TNV TTERITTTWON OEV EXOUHE CUVAPTNON
aAAQ avTIOTOIXIQ.



Eupeon 1coppoTria¢ Nash atro Ti¢
OuUVapPTNOEIC avTIOPAONC

OpIopo¢ Eotw éva aiyvio G = {I, (S:.u;)ierr. TO oUOTAHA TWV BEATIOTWY
AVTIOPACEWY (I OTPATNVIKEC X 1 ECICWOEIC) OAWY TWV TTAIKTWY EIvVAl

s1 = s51(5-1),
52 = 52(52),
s; = s1(s-1).

H AUon TOu TTAPATTAVW CUCTAMATOC s™ = (571,55,53...57) HOC OIVEl TNV (TIC)
icoppoTria(-ie¢) Nash.



Na BpeBei n iIcoppoTtria Nash
(| [:;171, Ig:] = ’—1;1‘1 — ;I‘% — r1re — 3

* >TO ITPONYOULLEVO TTOLYVLO f m . _
PONYOUM Y uslxry,ro) = ro — li — 2x1a10 — 1

Dul/dx1=0=>4-2 x1-x2 =0=>x1 (x2) =2 -x2/2
Du2/dx2=0=>1-2 x2 -2 x1 =0=>x2 (x1) =% -x1

x1 = 3/2, x2 = -1 gival n povadikn toopporia Nash. Ot amodOoEeLC yLa TouC
noiiktec eivot ul (3/2, -1) kawu2 (3/2, -1)



Public Goods in Networks

Bramoulle and Kranton (2007),
Journal of Economic Theory 135,
(2007), 478-494



Network model of public goods

* Public goods

— Non excludable along social or geographic
links

 Externalities

— Effect of an action on a third party, (benefit or
cost) that did not choose to incur that cost or
benefit



Examples

Plant of a garden benefits neighbors
Effort In team project, benefits team menber
Local Anti-Pollution Policy, benefits neighbors

Therapy that cannot be patented, benefits
neighbors (people who get aware)

Innovation and acquisition of information are like
public goods

— They may be non-excludable
— Induce externalities




Innovation and Information
Externalities

Information about new products from friends and
family (someone puts effort on doing market
search)

A farmer’'s experience with new crop benefits
neighboring farms (the farmer has put effort or
taken risk to experiment)

Research spillovers across firms
nformation spreads across networks

nformation posted of FB, benefits neighbors
(but one puts effort of searching)




Motivation

 How does network structure (links across
firms or individuals) affect incentive to
Innovate, or exert effort on research or
acquire information that is not excludable.



A model of public goods In a
network

There are n agents, and the set of agents1s N = {1, ..., n}
Lete; € [0, +00) denote agent i s level of effort

marginal cost of effort 1s constant and equal to ¢

Lete = (ey. ..., e,) denote an effort profile ot all agents

Agents are arranged 1n a network, which we represent as a graph g,

gij =1 ;=0 gij=gji



A model of public goods In a
network

Let N; denote the set of agents that benefit directly from agent i’s efforts,
i’s neighbors:  N; ={j € N\i : gij = 1}
neighborhood 1s defined as himself and his set of neighbors; 1.e., i U N;
Let k; = |N;| denote the number of agent i’s neighbors.

An agent’s effort affects only neighbors
An neighbor's effort 1s a perfect substitute for an agent’s effort

An agent i’s payoff from profile e in graph g is then

U, (e; g) =b|e + Z ej | —ce;.

j€eN;



Equilibrium contributions to the
public good in a network

Given a structure g, agents simultaneously choose effort levels
For a profile e, each agent i earns payofts U;(e; g)

Let e* denote the effort level at which. to an individual
agent, the marginal benefit equals its marginal cost; b'(e*) = c.

Lete;, = ZJ.E y, ¢j be the total effort of ;’s neighbors

A profile e 1s a Nash equilibrium if and only 1f
for every agent i either (1)e; > e* and ¢; = 0 or

(2)e; <eand e; = €™ — ¢



Explanation of NE

« Agents want to exert effort as long as their
total benefits are less than b(e*)

* If the benefit coming from the effort of his
neighbors is higher than his optimal level
b(e*), the agent exerts no effort, i.e. e, = 0.

* If the benefit coming from the effort of his
neighbors is lower than his optimal level
b(e*), the agent exert effort e, > 0 so that
b(e + e)) = b(e*)



Types of effort profiles

« Effort levels are strategic substitutes

* The more effort my neighbors put, the less
effort | exert

« 3 types of effort profiles
— Specialized: an agent exerts full effort e* or no
effort, i.e. for all agents i eithere; =0 ore; = ¢
— Distributed: all agents exert some effort
for all agents i, 0 < ¢; < €*
— Hybrid: between specialized and distributed

%



Example 1: Basic Graphs

we set ¢* = 1 for ease of exposition

1/4 ¢

IEE (X

1.Describe type of profiles

1/3
Q O 2 Find NE
1/3 1



1/5

1/5

1/5

1/5

1/5

1/5 1/5

(a) 1/5

Local
Interactions
Graph

2/5

1.Describe type of profiles
0 2.Find NE



Existence of NE

* \WWe use a concept from graph theory,
maximal independent sets, to show that a
specialized equilibrium always exists

* Independent set | of agents: No 2 agents
who belong to | are linked

Vi, j € I such that i # 7. gij = 0

* An independent set iIs maximal if it IS no

proper subset of any other independent
set



Properties of MIS

* Given an MIS [, every agent either belongs
to | or Is connected to an agent who
belongs to |.

« => Agents can be partitioned into 2 disjoint
sets

— Those who belong to the MIS |
— Those who are linked to an agent in the MIS |
« AMIS | of order ris a MIS : any individual

not In | Is connected to at least r
Individuals in |



Theorem 1: existence

» Since efforts are strategic substitutes no 2
specialists can link at a Nash equilibrium

 Theorem 1: A specialized profile is a NE Iff
Its set of specialists is a MIS of g. Since for
every g there exists a MIS, there always
exists a specialized Nash equilibrium




Example 2: Specialized

Equilibria and MISs

 Complete Graph: An IS has at most 1
agent, for n = 4 => 4 specialized equilibria

« Star Graph: 2 MIS => 2 specialized
equilibria

0 1 0 _(
% K ﬂ |
1 0
0 1

0 0 0 1 < <
1 0 0

KO % | |
0 0 O 1



Example 2: Specialized
Equilibria and MISs, Cont'd

* Circle Graphs: 2 MIS / 4MIS, each
containing 2 / 4 agents on opposite
sides/chords of the circle

O

a
U 0

@ k %




Stable NE

« Consider a distributed or a hybrid
equilibrium and take a individual deviation
(a small decrease/increase In effort). Is the
deviation profitable?

 If an agent decreases e, then some other
agent must increase, so agent has
Incentive to decrease more, no stability

 If an agent increases e, then he suffers
more cost, so agent has no incentive to
Increase



Stable NE cont'd

Consider a specialized equilibrium and
take an individual deviation. Is the
deviation profitable?

If agent Is a specialist and decreases his
effort, free riders must increase, so
deviation profitable and leads to
distributed or hybrid equilibrium

If agent Is free rider, he cannot decrease

If free rider Is linked to another specialist,
then free rider does not increase



Stable NE cont'd

» Conclusion: In a specialized equilibrium, If
a free rider Is linked to at least 2
specialists, then if one specialist
decreases effort, free rider does not
Increase, so decrease of effort by
specialist is not profitable

* This situation corresponds to graphs with
MIS of order(at least) 2.



Theorem 2: Stability of NE

* For any social structure g, an equilibrium
IS stable Iff it Is specialized AND every free
rider Is linked to (at least) 2 specialists.
Hence there exists a stable equilibrium in
a graph g iff it has a maximal independent
set of order 2.



Stability of NE: Examples

0 1
0 1 1 °
0 1

(b)

Both effort profiles are NE.

The left one is not stable because the set of specialists
(the player in the centre) is not a MIS of order 2.

The right one Is a stable NE because the set of specialists
(3 players in the periphery) is a MIS of order 3



Stability of NE: Examples

* These effort profiles are stable NE
because the set of specialists are MIS of

order 2 or higher
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Welfare Analysis

« Social welfare of profile e : the sum of
agents’ payoffs at e

Wie, g) = Z b(e; +e¢;)—c Z e;

1eEN ieN

* An efficient profile maximizes social
welfare or €2 _ o foralle; > 0

ce;

b'(e; +¢;)+ Z b'(ej+ej)=c
jeN;




An efficient profile

Take a reqular graph of degree k

A distributed profile is an efficient profile with
b ((k+ De) = 705 MB = MC

ndividual benetitis b((k 4+ 1)e)
ndividual cost Is ce
nthecirclen=12, k=4

e =1/5:b’(5e) =c/5

Conditions for efficiency /s
satisfied

(a)



Non regular graphs

For the star for example and graphs that include
It, an efficient profile contains free riders

If an agent’s neighborhood is a strict subset of an
other’s, he makes no effort
For any graph g with two individuals i and J

suchthati UN; G jUN;, e; = 0 in any etficient profile.
Peripheral agent’s degree 1 0
Central agent’s degree 3 0 1



A NE profile Is not efficient

« The condition for maximization of social welfare
Wiis b'(e; +¢;)+ Z b'(ej+ej)=c
jeN;
« However the condition for maximization of private
welfare Uis  b'(e; +¢;) = ¢



Example: efficient vs NE profile

0 e e 0
M M Efficient but not equilibrium profile
0 0 0 0

{a)

e*/3 e*/4 e*/4
\/\ i | M Equilibrium but not efficient profile
e*/3 e*/3 e*/4 e*/4

(b)

Conclusion: Linking does not necessarily increase efficiency



Second Best NE

« At any equilibrium each agent has benefit
of at least e* effort, b(e*)

* In specialized graphs free riders attain at
least b(e*) at no cost

« We can rewrite total welfare as: total
minimum benefits + total benefit premiums
— total costs

W(e; g) = nb(e*) + Z [b(ej) — b(e¥)] — ¢ Z e;

J:e;j=0 I



Ex. 5 Distributed equilibrium

 Agents 1,2,3,4
clockwise from 7 to 5 o’clock, e* = 1

+ Ui=b(1/3+1/3+1/3) —¢c/3,i=1,2,3,4
« Wd = 4 b(1/3+1/3+1/3) — 4c/3
1/3 1/3

1/3 1/3



Ex. 5 Specialized Equilibrium

e Ul =Db(1+0+0) —cC 0 !

« U2 =Db(0+1+1) —OcC

« U3 =Db(1+0+0) —C

« U4 =Dp(0+1+1) — OcC 1 0

* Notice that b(2) > b(1)

« Ws = U1+U2+U3+U4 =2 b(2) +2 b(1) — 2¢
* OrWs =4Db(1) + 2 [b(2)-b(1)] - 2C

 Recall Wd =4 b(1) — 4c/3

Conclusion: Specialized NE are stable and 2best




Welfare effects of new links

* A new link has 2 opposite effects
— Greater access to the public good (W1)
— Agents have less incentive to exert effort (W)

« Take a graph g and two agents | and |
which are not linked. Connect these
agents and name the graph g+ij

o If W(g+i)) < W(g) or [W(g+i)) > W (g)] then
the link is welfare decreasing [resp.
iIncreasing]




Welfare effects of new links

« Take a second best equilibrium profile of
efforts e

* If 1& do not exert effort before connection,
then linking them cannot be welfare
decreasing

* If 1&] do exert effort before connection,
then linking them destroys equilibrium e



1 l Example 6

0 ()

0 0 « (a) 2" pest

| * (b) link Increases w
y . (costs the same, extra
benefits increase)
* (c) linking 2
specialists changes
(b) NE. Wrto (a) in new
NE costs increase,
extra benefit premia,
| W decreases If

2ce™ > b(4e™) _ b(e™).




0

0

(a)

Example 6 cont'd

(a) 2" best
(b) Costs decrease, benefit

premia increase, welfare
Increases

(c) Costs decrease, complete
graph=> no benefit premia,
welfare decreases

Conclusion: welfare can be higner
In Incomplete graphs



Conclusions

* In this model, there is a fixed social structure,
and agents choose how much to contribute to a
public good (innovation, acquisition of
Information etc) when the good is non-
excludable among their linked neighbors.

* Networks can lead to specialization in public
good provision

 In every social network there is an equilibrium
where some individuals contribute and others
free ride. In many networks, this extreme is the
only outcome.



Conclusions

» Specialization can benefit society as a
whole. This outcome arises when
contributors are linked, collectively, to
many agents

* Individuals with active neighbors in a
social network, enjoy higher benefit and
exert little effort

* A new link Increases access to public
goods, but reduces individual incentives to
contribute. Hence, overall welfare can be
higher when there are holes in a network



